Abstract. In the paper it is considered the generalized Faber polynomials defined inside and outside a regular curve on the complex plane. The weighted Smirnov spaces corresponding to bounded and unbounded regions are defined. It is proved that the generalized Faber polynomials forms a basis in weighted Smirnov spaces, if the weight function satisfies the Muckenhoupt condition on the regular curve. The double system of generalized Faber polynomials with complex-valued coefficients is also considered and the basis properties of such a system in weighted Lebesgue spaces over regular curves are studied. Mathematics Subject Classification (2010). 30D55; 41A58; 42C15.
Introduction
The Faber polynomials were introduced in 1903 by G. Faber in connection with applications of approximation on complex plane. The detailed information about these problems one may consult the monograph by V. I. Smirnov and N.A. Lebedev [1] , also D. Gayer [2] . They replace polynomials of the variable z in a circle with respect to simply-connected domains. These polynomials play an important role in the problems of approximation on the complex plane and in the theory of conformal mappings. Series of classical Faber polynomials have been investigated enough well, and the results obtained here were comprehensively covered in [1] . The L p case of the classical results was initiated to be studied by V. Kokilashvili in [3] , where generalized Faber polynomials were introduced. The connection between generalized Faber and classical Faber polynomials was studied by J.E. Andersson in [4] . For some other aspects of approximation by Faber polynomials, see [2] and [40] . Note that the basisness problem of the system of generalized Faber polynomials in the Lebesgue spaces of functions defined on rectifiable closed Jordan curves was studied by B.T. Bilalov and T.I. Najafov in [5] . The degree of the approximation by generalized Faber polynomials in Smirnov's spaces was investigated by [6] .
To study the basisness of generalized Faber polynomials we will use the method of RiemannHilbert boundary value problems for analytic functions. This idea takes its origins from the note [7] of A. V. Bitsadze. The method was successfully used by S. Ponomarev [8, 9] and E. I. Moiseev [10, 11, 12, 13, 14, 15, 16] to solve mixed type PDEs on special regions by the method of Fourier, and also to prove the criteria which guarantees the basisness of a trigonometric system with linear phase in Lebesgue spaces. The further development of this method to study the basisness (completeness, minimality and basisness) problems of special system of functions can be found in the work of B.T.Bilalov [17, 18, 19, 20, 21, 22] . This method is still intensively developing, the boundary value problems and This research was supported by the Azerbaijan National Academy of Sciences under the program "Approximation by neural networks and some problems of frames", 2017.
basisness problems are studied in various function spaces (see, e.g. [23, 24, 25, 26, 27, 28, 29, 30] ). To establish the basisness of the double system of generalized Faber polynomials in weighted Lebesgue spaces we heavily use the Riemann boundary value problems posed in weighted Smirnov spaces. These problems were studied in [31] . Note that similar problems in various formulation were studied in [32, 33, 34, 35, 36] .
The present paper considers generalized Faber polynomials defined inside and outside a regular curve on the complex plane. The weighted Smirnov spaces corresponding to bounded and unbounded regions are defined. It is proved that the generalized Faber polynomials forms a basis in weighted Smirnov spaces, if the weight function satisfies the Muckenhoupt condition on the regular curve. It is also considered the double system of generalized Faber polynomials with complex-valued coefficients and the basisness of these systems in weighted Lebesgue spaces over regular curves are studied. It should be noted that in the weightless case these problems were previously studied in [5] and here we will follow the scheme of this work.
Preliminaries
We give general notations and some definitions from the approximation theory and the theory of singular integral operators, which we will use through. By O r (z) we denote a disc with the radius r and the center z 0 in the complex plane: O r (z 0 ) ≡ {z ∈ C : |z − z 0 | < r } (C is the complex plane); |M | denotes the arc measure of the set M ⊂ Γ, where Γ ⊂ C is a rectifiable curve. Denote ω = O 1 (0) and T = ∂ω. We will also use the following standard notation. Z + = {0} ∪ N; Z is the set of all integers. 
where c is a constant, independent of r.
More details on this concept can be found in [6, 31, 32] . Let Γ be a rectifiable Jordan curve and ρ (·) be a positive function defined a.e. on Γ.
Definition 2.2. The function ρ (·) is said to belong to the Muckenhoupt class
Let us give the definition of the generalized p-Faber polynomials F + p,n and F − p,n (see [3, 6] ). Let D + be a bounded region with the boundary Γ and the simple-connected complement
is the sum of its Laurent series at z = ∞:
Let us take the analytic branch of
where E + p,n (∞) = 0. Here we take F + p,0 ≡ 1. Similarly, the F − p,n p-Faber polynomial corresponding to the mapping ψ (·) is defined. Now, let D + be a bounded simply-connected region, containing z = 0 and w = ψ (z) conformal and singlevalued function mapping
The function ψ (z) has a Laurent expansion at z = 0:
It is clear that the point
is the principal part of the series
In what follows, we denote by
, the functions inverse to ϕ (·) and ψ (·), respectively. L p,ρ (Γ) is the usual weighted Lebesgue space equipped with the norm · p,ρ :
Consider the Cauchy singular integral operator S Γ :
The following theorem is valid.
For these and related results see, for example, [41, 42, 43] . Many facts and concepts we need are given in [5] . Let us give this information for the sake of ease of reading. We will use some facts on basisness of the classical system of exponents and its part in the weighted Lebesgue and Hardy spaces. Recall the definition of Hardy classes and its weighted counterpart.
The definitions of the classical Hardy classes H + p and m H − p of analytic functions inside and outside the unit circle, respectively, can be found in [5] . Now we define the weighted counterparts of the Hardy classes. LetH 
where · p, ν + is the norm of L p, ν + : 
where ν − is a weighted function on [−π, π]. The following proposition is the analog of the above one.
Throughout this paper, q will denote the conjugate of a number p, i.e. forms a basis in L p;ν (−π, π) if and only if ν ∈ A p , 1 < p < +∞.
By using this theorem the following theorem is proved.
For more comprehensive information about this and related results see, for example, [44] . At the end of this section let us give the definition of double bases in Banach space.
Definition 2.8. The double system {x + n ; x − n } n∈N ⊂ X in Banach space X is said to be a bases for X if ∀x ∈ X has the unique representation
where {λ
The main assumptions. Weighted Smirnov classes
To study the basis properties of the system of generalized Faber polynomials in weighted Lebesgue spaces we will use the methods of Riemann boundary value problems for analytic functions. We will consider the Riemann problem in weighted Smirnov classes. In this paragraph we define these weighted classes and prove that under some conditions these spaces are Banach spaces.
be complex-valued functions, defined on the curve Γ. We will assume that the following conditions hold:
Relative with the curve Γ we assume that the following conditions hold: iii) Either Γ is a piecewise Lyapunov or Radon curve (i.e. is a curve with bounded rotation) with no cusps. As the direction over Γ we accept the positive direction, i.e. the direction when moving in it the area D remains on the left. Let a ∈ Γ be the initial (also the end) point of the curve Γ. We will assume that ξ ∈ Γ follows the point τ ∈ Γ, i.e. τ ≺ ξ, if ξ comes after τ when moving in the positive direction on Γ\a, where a ∈ Γ is a two stuck points a + = a − , a + −the start, a − −end of the curve Γ. Denote the class of curves satisfying iii) by LR. Thus, without loss of generality, we will assume that a
We denote the one sided limit lim ξ→ξ0±0 ξ∈Γ g (ξ) of the function g (ξ) at the point ξ 0 ∈ Γ generated by this order
Let us give the definition of Smirnov classes. Let D + ⊂ C−be a bounded region with the boundary Γ = ∂D + which satisfies iii). By E p (D + ) , 1 < p < ∞, we denote the Smirnov space of analytic functions on D + , which is also a Banach space with respect to the norm · Ep(D + ) :
where f + = f / Γ − is the non-tangential boundary values of f along Γ. Similarly, the Smirnov space E p (D − ) of functions defined on the region D − with the boundary Γ = ∂D − is defined with by norm
where
< +∞ , and equip it with the norm
The Smirnov classes on unbounded regions are defined similarly. Let D − ⊂ C is a unbounded region containing infinity (∞). Denote by m E 1 (D − ) the class of functions of
and here the norm is given by
, where f − = f / Γ − is the non-tangential boundary values of f along Γ. We have the following
The same reasoning proves the following
The Riemann problem in weighted Smirnov classes
Consider the following homogeneous Riemann problem in
1) The solution of the problem (4.1) is a pair of analytic functions
whose non-tangential boundary values F ± (ξ) satisfy (4.1) on Γ. The "non-weighted" case of this problem was thoroughly studied earlier and we refer the reader to the monograph [39] for its theory.
Let S be the length of the curve Γ and z = z (s) , 0 ≤ s ≤ S, be the parametric equation of the curve Γ in the element of length ds. Set
. We will assume that the weight ρ (·) satisfies the following main condition:
In [31] it was proved the following 
where Z (z) is the canonical solution of the homogeneous problem, P m (z) is any polynomial of degree k ≤ m. In the case m < 0, P m (·) ≡ 0.
, where
The function D ( · ) is defined by
This theorem immediately implies 
Consider some special cases of the weight function ρ.
It is easy to show that under (4.5) the condition α) holds. As a result we get the following 
Example. As the weight ρ (·) we again take (4.3), but now we assume that
In that case we get the following
Corollary 4.4. Let the conditions of the Corollary 4.3 hold and {s
Now consider the non-homogeneous Riemann problem
where g ∈ L p,ρ (Γ) −is a given function. The solution of the problem (4.6) is a pair of functions
whose boundary values F ± on Γ a.e. hold (4.6). In [46] it was proved the following 
where F 0 (z) − is a general solution of the corresponding homogeneous problem and F 1 (z) is expressed as
where Z (z) − is the canonical solution, m ≥ 0−is an integer. 
This theorem implies the following

Basisness of p-Faber polynomials in the weighted Smirnov spaces
In this section the basisness of generalized Faber polynomials in weighted Smirnov spaces is established under the condition that the weight and the boundary values of the conformal mapping performing an isomorphism between the unit circle and the simply-connected region under consideration satisfy the Muckenhoupt condition. Thus for the function f ∈ L p;ρ (Γ) we set
and for weight function ρ (·) on Γ define the following weight functions on ∂ω:
Consider the following operator T + p :
where f ∈ H + p,ρ+ . In sequel we will use the following theorem which is similarly proved as the MorreyHardy case considered in the paper [6] .
Theorem 5.1. Let Γ−be a regular curve and 1 < p < +∞. If ρ ∈ A p (Γ) and ρ + ∈ A p (T ), then T
Using this theorem we can prove the following 
Proof. It is easy to see that T + p f n (z) = F + p,n (z) , ∀n ∈ Z + , where f n (z) = z n . We next turn our attention to Theorem 2.7. Under the conditions of this theorem the weight function ρ + (·) satisfies A p (T ), 1 < p < +∞, Muckenhoupt condition on the unit circle T . Then by Theorem 2.7, the system {z n } n∈Z+ forms a basis in H 
It is evident that there exists a number M n > 0 for which
Since, F − p,n (z) is a polynomial from z −1 of order n. We have
. Similarly to the case T + p , it is proved that the operator T − p is bounded in Π − . Indeed, consider the integral expression for F − p,n :
Now, let us take an arbitrary polynomial of rth order P r :
and oppose to it the function
We have
i.e. the representation (5.3) coincides with the expression on Π − . It is clear that T − p is a linear operator acting from
. It is not difficult to see that an integral representation is also true for T − p and in the case R = 1, i.e.
This follows from the Cauchy integral formula for functions from the Smirnov class. Making a substitution ξ = ψ −1 (w) in the integral expression, we get
where z ∈ ext Γ = D − . Letting z to τ ∈ Γ and applying the formula Sokhotskii-Plemelj, we have
p . Taking the norm · Lp,ρ(Γ) , hence we obtain
.
Since ρ (·) ∈ A p (Γ), then from the boundedness of the singular operator S in L p,ρ (Γ), from the relation (5.5), we obtain
Consequently, the operator T 
Hence we obtain that if
Since F (∞) = 0, then from the Cauchy formula we obtain
ψ −1 (w) in a neighborhood of a point w = 0 has a representation of the form 
Given here the obvious expressions
, and
we have
. First, we show that for sufficiently small δ > 0 the inclusion g (·) ∈ H + δ is true. Let p 1 > 2 be some number and q 1 :
conjugate number to a number p 1 . Let ω r = {z ∈ C : |z| = r} , 0 < r < 1, and Γ r = ψ −1 (ω r )−ψ −1 (·) is an image of ω r . We have
Taking into account the obvious relation
,
As is known, ψ 
where I 1 and I 2 denotes the corresponding integrals. Paying attention to the expression
, we obtain
since, by assumption we have ρ − (·) ∈ A p (∂ω). Combining these results, we obtain that g + (·) ∈ L 1 (∂ω). Then from the Smirnov theorem it follows that g (·) ∈ H
, then by definition we obtain that g (·) ∈ H + p,ρ− . On the other hand, from the representation (5.7) we have
as F (∞) = 0. Thus, the Taylor expansion of a function g (·) at zero has the form
It is not difficult to see that nontangential boundary values f − (·) of the function f (·) from outside ω to ∂ω are equal f − (ξ) = −g + ξ , |ξ| = 1. Consequently, f (∞) = −g (0) = 0. Using these relations, it is not difficult to establish the inclusion f ∈ −1 H − p,ρ− . Paying attention to the expression
from the representation (5.6) for the operator T − p we obtain 
The theorem is proved.
6. Basisness of the double system of p-Faber polynomials with complex coefficients
Let D + be a bounded, simply connected region, whose boundary Γ belongs to class LR. Consider the double system of p-Faber polynomials Proof. Take f ∈ L p;ρ (Γ) and consider the following nonhomogeneous Riemann problem
. We assume that the coefficients A (·), B (·) of the problem (6.2) and the weight ρ (·) satisfy the conditions of the Theorem 4.5. Then, as it follows from Corollary 4.6, nonhomogeneous problem (6.2) has a unique solution in E p,ρ (D
, which is in the form
where Z (·) is the canonical solution of the corresponding homogeneous problem. According to the conditions of the theorem we have 
where both series converge in L p;ρ (Γ). Set
We have By the results obtained in [41, 42, 43] , if the curve Γ is of class LR, under the condition (4.5) the operator S + Γ is bounded in L p;ρ (Γ). As a result we get F + Lp;ρ(Γ)
≤ c f Lp;ρ(Γ) , ∀f ∈ L p;ρ (Γ) .
Taking into account (6.6) we get
where c n are constants independent of f . It is clear that F 
Is a solution of above problem. Compare it with the solution (6.5), by the uniqueness result we get that F + n = δ nk , ∀n ∈ Z + ; F − m = 0 , ∀m ∈ N, i.e. By the same way we can write From these equalities it follows that the system (6.1) is minimal in L p;ρ (Γ), and as a result ∀f ∈ L p;ρ (Γ) has a unique expansion. Theorem is proved.
Consider the following special case 
